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ON THE FLOW OF A COMPRESSIBLE FLUID 
BY THE HODOGRAPH METHOD 
I - UNIFICATION AND EXTENSION OF PRESENT-DAY RESULTS 
By I. E. Garrick and. Carl Kaplan 
SUMMARY 
Elementary basic solutions of the equations of 
motion of a compressible fluid in the hodograph variables 
are develo ped and used to provide a basis for comparison, 
in the form of velocity correction formulas, of corre-
sponding compressible and incompressible   flows,. ,The 
known approximate results of Chaplygin, von Krman and 
Thien, Temple and Yarwood, and Prandtl and Glauert are 
unified by means of the analysis of the present paper. 
Two new types of approximations, obtained from the basic 
solutions, are introduced; they possess certain desirable 
features of the other approximations and appear prefera-
ble as a basis for extrapolation into the range of high 
stream Mach numbers and large disturbances to the main 
stream. Tables and figures giving velocity and pressure-
coefficient correction factors are included in order to 
facilitate the practical application of the results. 
INTB ODTJCT ION 
The present paper IS concerned with a theoretical 
study of the hydrodynamical equations of a perfect com-
pressible fluid in two dimensions, in which the so-called 
hodograph variables are used as the independent variables. 
It is hoped to achieve herein a unifica ti on of the 
present-day results obtained in this field. and also to 
provide a working basis for further develo pments. The 
earliest contributors to the hodograph method for treating 
compressible fluids were Molenbroek (reference 1) and 
	
Chaplygin (reference 2)	 The remarkable work of
Chaplygin on gas jets appeared in Russian in 1904 but re-
mained relatively unnoticed. In recent years contribu-
tions to the hodograph method have been made chiefly by
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Demtchenko (reference 3), von K.rmn (reference 4), Tsien 
(reference 5), Ringleb (reference 6), and.Temple and 
Yarwood (reference 7) 
The chief reason, and perhaps the only reason, for 
preferring the hodograph variables to the physical plane 
coordinates is that the equations of motion in the 
hodograph variables are linear. 	 This simplification is 
achieved, however, at the cost of more difficult boundary 
conditions and at a loss of rhysical insight.	 The great
simplification in the mathematics due to linearity never-
theless makes it desirable to pursue this line of attack 
as long as it anpears profitable to do so. 
The mathematics for handling the flow e q uations re-
ceived a substantial impetus by the work of Bers and 
Gelbart (reference 8), who developed a new function theory 
analogous to ordinary analytic function theory.	 The
present paper utilizes the methods of this new function 
theory to develop certain functions ess'ential to the 
compressible-flow problem.	 It IS of historical interest 
that Ideas similar to those of Bers and Gelbart were ex-
plored by the renowned mathematician ETilbert (reference 9) 
in the early pan; of this century but do not appear to 
have been further developed at the time. 
The material to be treated is conveniently separated 
into two parts.	 In part I, the present paper, basic 
particular solutions of the hodograph flow equations are 
developed and employed In unifying and extending the re- 
sults obtained by Cha plygin, von Krman, and Temrle and 
Yarwood.	 The results obtained in part I are of immediate 
practical application and. are given in the form of tables 
and graphs of velocity and pressure-coefficient correction 
factors.	 In part II, which will appear later, general 
particular solutions of the hodograph flow equations are 
developed and discussed.	 The material in part II, it
Is hoped., will lead to a method for handling the actual 
boundary problem of the flow of a compressible fluid past 
a prescribed body.
ANALYS IS 
Flow Equations of an Incompressible Fluid 
It is well known that the relations between the 
velocity potential	 and the stream. function 1j for
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the steady irrotational two-dimensional motion of a 
perfect incompressible fluid are	 - 
Ix jy
(1) 
Ø_	 à'ij	 I 
----	
_j 
These equations are the Cauchy-Riemanu equations and 
therefore 0 + i4.r is an analytic function f(z) of the 
complex variable z = x + Q. 
The complex velocity or reflected velocity vector 
u - iv is obtained, from the complex potential f(z) by 
differentiation.	 Thus,
df(z) 
u - iv	 dz 
= 
= 0-i(U+ilogq)	 (2) 
where q is the magnitude of the velocity vector and 0 
is the angle the vector makes with the positive direction 
of the x-axis. 
The variables 0 and q are sometimes referred to 
	
•' 9 the hodograph variables." 	 The flow equations in the 
variables 0 and q can be readily derived by intro-
ducing 0 + i log q as the independent complex variable 
inplace of x + iy.	 Then, in analogy with equation (1), 
aØ_	 4i 
logq
(3) 
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or
- q àq
(4) 
ad q 6 f 
These equations are known as-the hodograph equations for 
the flow of an incompres.ible fluid. 
Flow Equations of a Compressible Fluid 
The equations corresponding to equation (1) are, for 
a compressible fluid,
oà4J	 -1 àxy	 I	 (5) > 
a__po	
j6  T 
where p is the density of the fluid at any point (x,y) 
and p0 is a constant density, which for convenience is 
referred to a stagnation point. 
A short way to derive the hodograph equations for a 
compressible fluid, attributed to Molenbroek, is as fol-
lows:
	
According to equation (5), with u
	 and v= 9 
dØ + I L2  c14' = (u dx + v dy) + i(-v dx + u dy) 
(u	 iv)(dx + i.dy) 
qe 0
 dz 
or
dze19 (do +if.2d\IJ)	 (6) 
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It follows from equation (6), by considering B and q 
as independentvariables, that 
-	 e('	
0 ael
\ 
q \aB ^ 
and
cZ -
	
e' ' - + 
• p0 ai\ 
I\aq 
Then, by assuming that p is a ftsiction of only q 
(equivalent to assuming that the pressure is a function 
of only the density), 
a 2 z -	 1+	 ie( +. 	 a2 
	
6q 60	 q2 60 
-e	 1	 dq	 q e 
	
1
P 7q 
and
-	 e B(	 +	
P0	 1	 +	 P0 à2!i 
e a q - q	 \\a	 P aq) qe	 ae )q	 1	 aB 
Since, by continuity, these two expressions are identical, 
it follows that 
+	 Po àifr'\ eL-	 +	 a(p/pq) a] 
	
q	 %àq	 Lci' aG	 dq	 ij 
Hence, by equating real and imaginary parts, 
Ø_ p0q 
ao_ p àq	 I
(7) 
-	 d(p0/pq) à\J 
dq TO -
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These are the hodograph equations, first obtained by 
Molenbroek, for the flow of a compressible fluid and are 
Inde p endent of the form of the pressure-density relation. 
It is observed that, when p = p0 = Constant, equa-
tions (7) reduce to equations (4).
	
Equations (7), in 
contrast with equations (5), are linear in the dependent 
variables. 
Bernoulli's Equation and Equation of State 
In the present section there is listed a collection 
of formulas and definitions necessary in the analysis. 
Bernoulli's equation for a compressible fluid is
(8) 
Po 
where 
p	 static pressure in fluid 
P O	 static pressure at stagnation point (q	 0) 
P	 density of fluid 
q	 magnitude of velocity of fluid 
The adiabatic relation between the pressure and. the 
density is
2= (p \Y 
P0	 \\POJ 
where
adiabatic index (approx. 1.4 for air) 
Po
 .	 density of fluid at stagnation point (q = 0) 
The local velocity of sound a is obtained from 
,2 .d 
d 
(9)
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C(
For the adiabatic case,
a2
 =
	 (10) 
From Bernoulli's equation (8) and from equations (9) 
and (10), the foliov'ing relations may be obtained: 
a2 = a0 -	 ( y - 1)q2
1 12y-.1 
	
= °L'	
1)	 (11) 
=	
-	
1)
a' 2j 
where a0 is the velocity of sound at stagnation point 
(q = 0). 
From equations (11), for y > 1 1 a maximum velocity 
q = qrn is obtained for the limiting conditions 
ppa=0	 Thus,
2 =	 a 2 
	
1m	 0 
= 2 Pao 2	 (12) 
where
1 
The fundamental nondiriensional speed variable, in 
general, is q/a0 but it is found useful in the analysis 
to employ a nondimensional speed variable T defined as 
	
= q2/q 2	 (13) 
-	 For y > 1, the range of the variable T is 0	 T	 1. 
The value T = 0 has a thial meaning; T = 0 in the case
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Of a compressible fluid corres ponds to a stagnation point 
(q = 0), or T = 0 may mean the limiting case of an in-
compressible fluid (a 0 = 
With the definitions of T and	 , equations (11)
become
a	 a0(l - 
P = p0 (l - T)	 (14) 
P	 p0 (l - T) 
The local Mach number M = q/a may be expressed in 
terms of the speed variable T in the following way: 
2 
i_
2a2 
q2 a02 a2
=(15) 
or, by solving for T in terms of M. 
M 
7	
2	
(16) 
2 + 
The value of T for which the local velocity of 
the fluid equals the local velocity of sound (M = 1) is 
given by
=(17) 
In the case of uniform flow past a fixed boundary,	 - 
the pressure coefficient is defined as 
-
.. piqi 
40010910-1 Wah 
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where the subscript 1 refers to the undisturbed stream. 
The pressure coefficient for the incompressible case 
CM = 0) is
	
= 1 - (q)2	 (18a) 
The pressure coefficient for the compressible case is 
Cp,M1 
=E {I'	 (Y1)Mi2[1()1Y) 
For q =q.(sonic), 
0	 1	 2 + ( y	 1)Ml2i1 
	
(cp,M1)	 2	 +	 1	 J f
	
(iSo) 
For q = q (vacuum), 
(C J )	 (lad) 
Basic Solutions of Hodoraph Equations 
Consider the incompressible case represented by 
equations (3) or (4) .
	 It is clear that 0 = e and 
= log q satisfy these equationse -In fact, any con- 
vergent power series in w = e + i log q represents an 
analytic function of which the real and. imaginary parts

	
satisfy equations (3) or (4) .
	 The class of analytic 
functions in w (and the concept of anelytic continua-
tion) then yields all the partiular solutions of these 
equations 
The particular solution w = B + i log q can be 
obtained by means of an integration that is instructive 
In the generalization to the compressible case.
	 It is

well known that
.. ... . ... . S.	 •*	 .	 a	 S	 •.•	 ••	 ... 
• .	 . .	 . S	 a	 • • •
	
. a a	 * . •	 ... 
• .	 S. •
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F (w)
	 f (w) dw 
can be represented as the sum of two line integrals 
F(w) = J (P dO — Q d log (1) + i U1 (Q dO + P d log q) 
where
f(w) = P + IQ, 
Thus, given a pair of furicticns F and Q. that satisfy 
equations (3) or (4), this proc€es yields another pair 
of solutions, namely, the real and the imaginary parts 
of F(w).	 For example, if P = 1 and Q = 0, 
	
F(w) = w	 8 + I log q
	 (19)
Again, if P = 0 and Q, 0 1, 
F(w)	 1w = -log q + 18
	
(20) 
The physical interpretation of equations. (19) and (20), 
considered as flow patterns, is of some interest in con 
necton with later developments.	 It is clear that 
equations (19) and (20) represent a vortex and a source 
located at the origin, respectively. 
The generalization to the compressible case of the 
foregoing elementary results was accomplished by Pjers 
and Gelbart (reference 8) by means of simple yet fertile 
ideas.	 Bers and Gelbart treat equations. of the form 
(21) 
- A 2 (q) 
and show as is readily verified that, if P and Q. are 
a pair of solutions, the real and imaginary parts of the 
following sum of line integrals
.. ... .	 .	 S	 •• •• I •S• I •II •• 
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IP	
-.. 1	 I dB - 2 (q) Q dqJ + if r d9 + 
-------PdqI (22) 
t.i 
are also solutions of equations (21). 
In particular, corresponding to the pair of solu-
tions P = 1 and Q = 0, there is obtained 
W - e	
(q)• dq	 (23) 
and, for P = 0 and
 
1w = iG +	 2(q) dqj
	 (24) 
By repeated application of the process of integration, 
indicated by expression (22), a general set of particular

	
solutions of equations (21) may be obtained.
	 These
particular solutions are discussed in part II; in the 
present paper, only the solutions given by equations (23) 
and (24) are needed. 
The general hodograph equations (7) are of the form 
of equations (21) with
Po = 
and
X2(q) = -q d(p0/pq)dq 
For the rest of this paper, the adiabatic pressure-density 
relation (9) is used. By means of equations (9) and (14) 
and the relation
dp_ P 2
S. SS• S •S• • ••	 •,	 S	 •	 •	 •S•	 •• 
• .	 S .•	 • S	 •	 S S •- -	 •-S	 • • S	 ••• 
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obtained from the differential form of Bernoulli's equa-
tion (8), it follows that
= (lT)
(25) 
l-(23+i)T 
= q(l - T) 
The evaluation of the integrals in equations (23) and (24) 
is made unique by requiring, that the results reduce to the 
incompressible case when the speed of sound is infinite 
	
(that is, when T = 0) .	 Then,
do T)	 i 
	
= log q + f(T)	 (26) 
where
f(T) =	
(T	
T)F T -	 3 - 
and
= r 1 - (2+])T 
(1 - T)H'	 q 
= log q + g(T)	 (27) 
wh. e r e
- 
1 j 11 -__(2{3 +l)T gT) = - I I-
	
1 - 2	 L (l-T)
S.. 
• 
.. 
. 
... 
C 
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.. 
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and it is observed ti 
vanish for T = 0.
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and g(T) 
Equations (23) and (24) can be written in the form 
W = 0 + IL 
and
= 1(8 + i) 
It is important to note that, in the incom pressible case, 
W and 1W reduce to w and iw, since L and L re-
duce to log q.	 Thus, there are in the compressible 
case two basic functions L and L corresponding to the 
one function log q in the incompressible case. 	 It is 
of interest to mention that the functions W and 
considered as flow patterns in a compressible fluid, can 
again be interpreted as a vortex and, a source. 
Evaluation of Functions 1(T) and g(T) 
for Various Values of 
In general, the integrals in 
representing the functions f(t) 
sihie by infinite series. For t 
however, with the adiabatic index 
instead of the usual value 1408, 
obtained in closed forms.	 Thus,
equations (26) and (27) 
and g(T) are expres-

Tte important case of air,
y put equal to 1.4
these functions can be 
with p = 2.517 
1(T) = 77 I 	 - T)	 -	 dT 
= .. (1 - T)	 +	 ( 1 - T)2 
+ (1- T ) l/2 log i + ('	 (28)
a. ... a a.. S •a	 .	 a	 a	 a	 a..	 •.	 ... 
• a	 S •	 • S	 •	 a • a	 a a a	 • • •	 ... 
• a	 •a .	 • ø•	 S	 S	 S S	 a	 •	 as a a	 a a 
• a	 a a	 • a a	 S	 aaa	 a	 a	 • • a	 •aa 
	
.* a.0 a	 a a	 a.	 .a a a •aa aa	 •ai	 aa	 •.S 
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and
1	 16i	 d-r 
	
g (i) =	 /	 - 1 
	
-	 1	 1	 1 
T)	 (1	 T/2 
+	 - 1	 1 + (1 - T)1/2 
(1 - T)1/2	
- log	
2	
(29) 
Table 1 contains valuas of 1(T) and g(T)	 and fig-
ure 1(a) shows, these functions plotted against T.	 Ob-
serve that 1(T) and g(y) are well-behaved functions 
in the range 0	 T < 1.	 In figure 1(b), these functions 
are plotted against the local Mach number M in the 
practical speed range. 
Other interesting cases for which the functions 1(T) 
and g(T) can be ex pressed in closed forms are y = 
y=2, y/2 ) and y=-1,	 For y
	 (p=0, 
a = c, incompressible case), 
	
1(T)	 g() = 0 
For y=2 (p .l),
1(T) =	 1 
g(T) =	
-	
1	 1 
 TT -	 log (1 - T) 
For
1(T)	 •-T +	 T2 
1	 1	 1±T	 1 g(T) =	 -	
( 1 - T) 2 -	 log (1 - T) 2,	 2
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For (	 3 = -), 
f(T) = g(T) = - log 1 + (3:- T)1/2 
	
For the isothermal case •y1 (
	
co), the velocity 
of sound a a0 = Constant and the functioxs f and g 
	
are obtained as infinite series in the ratio q/a0 .	 Thus, 
in the limit
rq/a r 
Urn	 f 
=	
2 Jo	 L\ 
1 
q/ao
	
-
	 dk/ q/ao 
q/a0
1 d(q/a0) j q/a0 
(-l)'
21nn1 
and 
g(q/a0) =
 Lim	 P3)P - 1 d(q/a0) 
fo 	 1	 2 '\	 qa0 
2a2)
I q2 
= 
fo
/a 
I(,-
 )e	
d(q/a) 
	
  a0 ''	 q/a 
(q2/a02) 
= 1 - e	
+ •= 2n+•1
.. ... . ... S ••	 ••	 S	 •	 S	 •S•	 ••	 S.. 
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For arbitrary values of y (or f$) the expressions 
for 1(T) and g(T), obtained with the aid of the bi-
nomial expansion, are 
1(T) =	 (-i) () 
=•_	
3T 4-	 p(p - i)r	 - 
/ r :;	
'1(2)( 
and
CO 
g(T)= -
	
( _ 1)fl (- 
n1	 \n)	 n 
3	 0 
. [31 - - p(p + 
(2 
4	 232\. 2 
0	 \o 
The significant feature of this general result is that, 
if powers of q/a0 higher than the third are neglected, 
1(ï)	 g(T) z - 1
	
(30) 
and does not involve explicitly the adiabatic index Y. 
This circumstance underlies the present-day approximate 
methods for obtaining velocIty, and pressure-coefficient 
correction factors; in the following sections, this point 
is brought out more clearly.
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Application of Basic Functions L and L 
In this section, the basic functions L and L are 
employed, to set up
 relations between velocities in 
'corresponding" compressible and incompressible flows. 
These relations are of the nature of "stretching factorst? 
or velocity correction formulas and contain the results 
of Chaplygin, von Karman, Temple and Yarwood, and Glauert 
and Prandtl.
	 It is Important to recognize at the outset

that no single velocity correction formula can represent 
in an exact way the correspondence of flow patterns past 
a prescribed body in a compressible and an incompressible 
fluid.	 A single velocity correction formula is actually

feasible in only two cases: '(1) The stream Mach number 
is small (even though the disturbance to the main stream 
due to the presence of the body may be large) so that the 
compressible-flow pattern differs only slightly from the 
incompressible-flow pattern or (2) the disturbance to the 
main stream is vanishingly small (even though the stream 
Mach number may he high) so that the effect of the shape 
of the Solid boundary IS small.	 The various velocity

correction formulas discussed in the present paper differ 
essentially only in the degree to which the requirements 
of these two cases are satisfied. Despite their limi-
tations, single velocity correction formulas are extra-
polated, in view of the lack of more rigorous solutions, 
into the range of large disturbances to the main stream 
and high Mach numbers.
	 This extrapolation can be 
justified by further theoretical investigations and by 
comparison with experimental results. 
Consider again the corresponding pairs of functions 
w9+i log q	 1
(31) 
J 
and
iwi(e+i log q)	 It	
(32) 
I1= i(e + IL)
	 J 
It has previously been noted that the pairs of functions 
in equations (31) and (32) denote respectively a vortex 
and. a source in an incompressible and a compressible
S. ••S S •SS S 55 •5	 S	 •	 •	 •I•	 ••	 ... 
• .	 S •	 S S	 •	 S • S	 • • S	 • • •	 S.. 
• .	 .. S	 St •	 S	 S	 • S	 S	 S	 •• • S	 • S 
• •	 . .	 . • .	 .	 ...	 .	 .	
S S • 
	
.. S.. S	 • •	 ••	 SI S • ••S ••	 ••	 •S	 •IS 
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fluid.	 Each pair of functions can be employed to define 
a correspondence of flow patterns in which corresponding 
points are identified by the same values (Ø,4i). 	 Thus, 
in the case of the vortex (equations (31)), 
	
=	
= e 
=c = log q1	 L 
where the subscripts i and c refer to the incompres-
sible and to the compressible case, respectively.
	 It 
follows that
qi = eL 
	
= qeT)	 (33) 
Similarly, in the case of the source (equations (32)), 
01 0c	 log q1 = —L 
	
=	
9 
and
qi = eL
(34) 
At the end of the preceding section It was pointed out 
that, to a first approximation, the functions f(T) and 
g(T) are equal.	 This fact implies that, to a first 
approximation, a single velocity correction formula is 
feasible.	 The assumption is now made that either equa-
tion (33) or equation (34) can be adopted to provide a 
correspondence of flow patterns in the case of uniform 
flow past a body in an incompresAkible and a compressible 
Si ^A i if
S..	 •• ... . .
	 •. .. I ••• • ••. .. 
...	 I • •
	 III	 •.S I
	 S	 •I	 I •
	 • I • .	 . . .. S
	 S	 • S •	 I S •I III • I I..	 • • S
	 •	 •	 ••I	 I	 S S •	 S •
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fluid. With the undisturbed streams as convenient refer-
ences, the following nondimensional forms of equations (33) 
and (34) can he written: 
(*) = (q 1 k e I(T 1) 	 (35) 
and
g(T) 
,'q\	 /q\ e 
-	 )c 
g(T)	 (36) 
where the subscript 1 refers to the undisturbed stream. 
The use of the undisturbed stream as reference in the 
nondimensional form of the velocity correction formula 
was introduced by Tsien in reference 5, where also the 
details of the von Krman approximation are developed. 
It is shown in the following section that either of 
equations, (35) or (36) contains the results of Chaplygin, 
von Karman, and Temple and Yarwood. As has been previ-
ously pointed out, the concept of a single velocity cor-
rection formula is feasible in only two cases, namely, 
small stream Mach numbers and vanisi-aingly small disturb-
ances to the main stream. It is desirable then to seek 
a single velocity correction formula that combines the 
features of these two cases. From this point of view, 
equation (35) or equation (.36) is not the best choice. 
A better choice of a single velocity correction formula 
appears to be the following combination of equations (35) 
and (36), based on the arithmetic mean of f(T) and g(T): 
f q 	 \ 
\q1)
(37) 
In a later section, still another combination refer-
red to as Uthe geometric-mean type of approximation" is 
introduced; in the section dealingwith the Glauert-.Prandtl 
approximation, certain features of the foregoing arithmetic-
mean type of approximation and of the geometric-mean type 
are discussed.
.. ... . 
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At this point it is desirable to discuss the practical 
application of equation (37)•	 According to equation (16), 
2 + M2 
T	
Mj2 
1	 2f3+M12 
and
1 2 f q \ _ fT \' 
Oi I \-/c	 \
\1/2 
M (2p +
)	 (38)1/t 1 \23 + M / 
Equation (37) then yields, for a given set of values of 
the stream Mach number 1!1 j
 and the local Mach number N, 
a value for the ratio 	 q/q1), of the local velocity q 
and the stream velocity q 1 in an incompressible fluid. 
Table 2 shows corresponding values of
	
and
(q/q1)1 for various values of the stream Mach number 1,11 
with ' =1.4 ( = 2.5).	 This tabulation is performed, 
for the purpose of comparison, for the three cases repre-
sented by equations (35), (36), and (37). 	 Values of 
/	 4/q1 
q, q1)is (/j)c	 and	 obtained from equa-
tions (37) and (38), are plotted against the local Mach 
number N in figure 2 for various values of the stream 
Mach number M1.
	
Table 2 also shows values of the 
pressure coefficients C ,0 and Cp,M1 calculated by 
equations (18a) and (lBb) for these corresponding values 
of	 q/q1). and (q,/q1).	 Figure 3 shows the curves 
of pressure coefficients corresponding to the curves of 
velocities of figure 2.	 Useful cross plots of the
curves in figure 3 are shown in figure 4, in which C D M, 
is plotted against N1 for various values of C P,O*	 In
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addition, curves are shownin figure 4 for
	 CMl) and 
and (Pp ,M1)	 calculated by equations (18c) and (18d), 
respectively.
	 The curve for (CpM1)	 corresponds to 
the sonic value N 1 or T	 = 1/6 and in effect 
divides the region of flow into a subsonic and a super-
sonic part.
	 The curve of (C i1 )	 corresponds. to the 
maximum value M
	 or .'r = 1 and, represents the outer

limit of the supersonic, region (or a perfect vacuum) 
In order to exhibit the main differences between the 
various correction formulas (35), (36), and (37), the 
ratios of the sonic values
	 and the correspond-
ing incompressible values C 0
 are plotted against the 
stream Mach number N1 in fi guxe 5. 
Observe in figure 2 that the (q/q, ).curves have 
maximum points.	 This fact means that the value of 
associated vrith a value of ( q/q 1)" 1 is not jc 
unique.	 Analytically, the criterion for the maximum 
point is equivalent to
= 0	 (39) 
ciT  
or from velocity correction formula (37), 
2p+l - (1-T)	 (2p+1)T+1=0 
For j3 = 2.5 this equation has only one positive root, 
T	 5/24 or N z 1.15
	 It is interesting,
 to note that 
velocity correction formula (36) yields as the criterion 
for the maximum point 
1 -, (2p + l)i = 0 
The root of this equation is i = T3	 1 and, for 
2.5, is T = 116 or N = i
	 Velocity correction
formula (35) yields no maximum value of T or N.
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Meaning can be given to the value T	 1/6 (M = 11)
in the case of equation (3L) with reference to the origi-
nal interpretation of the flow pattern as that of a 
source. It can be shown that the acceleration 
( dq\  \q ) along a streamline is infinite at all points 
for which the local Mach number is unity ('r = 1/6) and 
that a flow discontinuity SXiStS there. In the case 
of the vortex flow pattern (equation (33)), no flow 
discontinuity occurc for M < co. The velocity correc-
tion formula (37) sugr,ests a "limiting" value M	 1.15 
for a spiral flow, since equation (39) is analogous 
to a condition of infinite acceleration. Thus, the 
existence of a mixed sibsonic and supersonic region of 
flow without discontinuities is indicated. Since the 
occurrence of this 1imitng value of M is a consequence 
of the simple form assumed for the velocity correction 
formula, no undue significance should be attached to any 
particular value at the present time. 
The Chaplygin Approximation 
From the point of view of the present rapper 
Chaolygin's approximation for subsonic speeds assumes a 
simple and lucid form. Chaplygin introduces in place 
of q a new inde pendent speed variable il equivalent 
to the quantity piven on the right-hand side of equa-
tion (33), namely,
ii = qf(T) 
The hodograph flow equations (7) then assume the form
().o) 
= ..F(T) 
where 
F(T) = 1 - (2p + l)T 
(1 - T)2 
=1- 3(2p+1)T2 -	 (23+ 1) (2 + 2)T 3 - 
*0 meom%,
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Values of the function P(T), for several values of y 
(or	 ), are given in table 3 and are plotted in figure 6 
against the local Mach number M.	 Chaplygin noted that, 
in the case of air (p	 2.5), F(T) differs but little 
from unity over about one-half the subsonic range 
0	 T	 1/6.	 His approximation in the range of low sub-

sonic speeds consists in neglecting powers of T higher 
than the first or in replacing F(T) by unity.	 Equa-
tions (40) can then be written in the Cauchy-Riemann 
form
	
_	 ô4r 
	
To -	 log •fl 
- 
log 'n 
and 0 +
 
_L
X
	
therefore is an analytic function of the com-
plex variable e + i log r.	 Chaplygins approximation 
thus leads to the velocity correction formula 
=	 (41) 
l)	 V'l,' 1 — 
where powers of T higher than the first are neglected
	
throughout.	 The use of equation (34) instead of equa-
tion (33) also leads to this result to the same order of 
approximation.
I	 I 
The von Karman Approximation 
Voz Karmn's approximation corresponds to the case1.
= -1 or P = —7).	 It follows at once from the 
integral expressions for f(T) and g(r) given by equa-
tions (26) and (27), respectively, that for this case 
f(T)	 g(T)	 — log 1 +
I. ••S • ••• • ••	 .•	 I	 I	 S	 •S•	 ••	 I.. 
• .	 . I	 S I	 •	 • • S	 • I •	 S'S •	 •SS 
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or, with the use of equation (16), 
f(T) = g(T) = - log 
	
i ill
+
 (	 M2)l/21 
This function, plotted against M, is included in fIg-
ure 1(b).	 Corresponding to equations (35) and (36), 
there is a single equation 
( q \ = '(\	 + (i	
T2 
\q1 Ij	 %t:l) 1 + (1 - T )1/2
M12
according Replacing T by	
- 
ad T1	
M12 - i
to equation (16) yields
2)1/2 
	
1+(1_M1	
,- (42) 
2 12 
-	 +	
-	 + M12ç 
L 
Then, by solving for
	 / 1 ) in terms of (
	
and 
the stream Mach number
( c, =(43) 
q1) '1 -
'A. 
where
M2 
+ (1 -
1 
(1 - Mi2) 1/2 +	 Cp_,o 
1 + (i - N12 )l,/2	 2It
= Cp,0 (44) 
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The pressure coefficient C	 expressed in terms 
of the inompressible pressure coefficient Cr0, is 
easily obtained from the general formula (18b) by putting 
= -1 and making use of equations (43) and (lea). 
Thus,
Observe that for this case the function F(T) intro-
duced by Chaplygin and given in equation (40) is exactly 
equal to unity. ,From the point of view of the present 
paper then, von Kárman's approximation appears to be 
equivalent to that of Chaplygin, who aprroximates F(i) 
by unity.	 it follows that the range of validity of 
von Karman' s approximation and that of Chap lygin, in a 
strict sense, coincide. 	 Furthermore, it is pointed out 
that the von Karmn approximation does not permit a 
supersonic region.	 Von Karmen's choice of y = -1 has
the advantage, however, of yieldin g simple explicit ex- 
pressions for (q/q1), in terms of (q/q1) and for 
C ?	 in terms of C	 .	 Several values of 0n N , '1 
calculated. by equation (44) are included in figure 4. 
For the purpose of comparison with the other approximations, 
there is plotted in figure 5 the ratio of (°i'3 to 
C ,0 against the stream Mach number N 1 in the case of 
von Karmn's apnroxiniation. 	 The values of C
	
arepyo 
obtained with the use of velocity correction formula (42) 
for the local Mach number M = 1, but the values of 
are calculated with Y = 14 
The Temple-Yarwood pproximation 
The functions 0 and r related by the first-order 
simultaneous equations (21) separately satisfy the second- 
order equations
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q'	
j
rV; 5 
1	 r 
± 2(q) àq X
1 (q)	 = 0
) 
In terms of the nondimensional speed variable -r	 and with 
the values of and X 2 (q)	 for the adiabatic case 
given by equations	 (25), these equations take the form
1(1- T)	 [-(1	 T)P±1 
T
(L6) 
	
11- (2.+1)	 à2 \fr	 T	 ÔJ	 i' 
	
T(1-T ))+1	
O 
Formal solutions of these equations were given by Chaplygin 
in the form of two infinite series 
Be +	 E	 T) siri(nC +
>	
(14.7) 
	
0 BØ0 (T) -	 B. Ør(T) cos(m9 + 
m1 
where the functions c( T) 
hyergeoretric series and 
constants. 
A disadvantage of the 
by Tenrie and Yarwood, is
and Ø(T) are obtained from 
B, Bm, and	 are arbitrary 
formal solution, as remarked 
that it is unsuitable for 
WOL 
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numerical computation because the hypergeorrietric functions 
involved are complicated and are not tabulated. Temple 
and Yarv rood therefore looked for approximations that are 
of practical value in calculations of co.pressihle flows. 
By means of a skillful analysis	 they found such aproxi-
nations and showed that the simplest forms for and 
0m	 are of the type
m( T )	 [n(T)im 
m 
øm( T )z (48) 
øo(T)	 Z log	 (T) - 
where	 11(T) and	 (T),	 inc9.ependen.t of the index m,	 are 
I 
=	 =	
- 7TJ LI (49)
Significantly, from the point of view of the analysis 
of the present paper, the functions r, and 	 aproxi-
mated by(i -	 q are none other than the functions 
defined on the right-hand sides of equations (33) and 
(34). The approximation of Temple and Yarwood then 
leads to the same velocity correction relation as was 
obtained by means of C1ap1ygin s approximation (equa-
tion (41)). 
• The 
formulas 
than the 
von Karr,., 
• /q	 2 
Tli)c
velocity and pressureccefficient correction 
obtained by Temple and Yarwood are more involved 
explicit expressions (43) and (44) obtained by 
An. - Replacing T in equation (41) by 
thus yields
1 -	 i(_)2 
-	 (50) 
q-1	 a	 5 \ a-/i	 \ 1 Jc	 1 - - T 4 
i_) = ¼r) 3
1
 1 -
	
Ti) 
cos	 (ir + o) 
cos 0
	 (51) 
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where
2 
-	 5 + 
	
The solution of this cubic equation for (q/q1)	 is 
where
Cos. =
	
Tl)(cL) 
and 0 <	
-.	 The pressure coeffici ent
 c 
then calculated by equation (18b)
	 Some values of the 
pressure coefficient C1 calculated with the aid of 
equation (51) are Shown in figure 4; a curve of 
(Cp,M1 )/C , o plotted against Ml
 is included in fig- 
ure 5.
	 It is remarked that, with the use of equa-
tion (39), the velocity correction formula (50) yields a 
limiting value M z 1.35. 
Approximation Based on Geometric Mean of dL and dL 
Without going into 
present paper, it is of 
function related to L 
particular solutions. 
and L reduces to log
its deep significance in the 
interest to introduce another 
and E and to the general 
This function, which like L 
for T	 0, is defined by 
H(T) 
= J (dL df) 1/2 	 (52) 
It is remarked that H(T) is closely related to a 
function K(T) employed by Temple and Yarwood (refer-
ence 7) in the determination of their approximation. 
In the next section, it will he seen that the function
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-	 11(T) plays an important role in connection with the 
Prandtl-Glauer appro::imat ion. 
From equations (26) and (27), 
dL = L dc1 = (1 - T) 
•1	 q 
and
dL = X do =	 _(2+ 1	 ci T d 
(1	 T)	
q 
Then,
\l/2 
(dL dL)l/2 
=	
dq	 H (2p^l)Ti	 (53) 
and, from equation (52), 
11(T) = log q ± h(T)	 (54) 
where
1/2 dT h(T)
foT
__ 
The fucton h(T)	 can be obtain e d in a closed form for 
any vaip.e of y (or p) and is 
1-
-111: r i: '	 T (m 
h(T) = -log (55a) 
2(1 -
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where T  = 2p^	 and where this expression is valid 
in the ubsonic range 0 	 T	 Ts. V.tth T replaced 
by
	
	
and 0
	 M	 1, the expression for h(T) 
23 -4- N2 
becomes
1_v1_LI2)1/2 
2	 2V	
log -
	 1- 
1 +	 1 +	 (1 - N2) 1/2  
2\/T	 og -	 + vT	 (5 5b) 
It is observed that, for the supersonic region 
T s	 T	 or ii > 1, II(i) as defined by equation (52) 
becoies a complex functions but, for present purposes, 
only the real function of the subsonic range is utilized. 
The function 11(T) may be utilized to obtain a 
velocity correction formula in the same manner as the 
functions L(i) and (r). Thus, analogous to equa-
tion (35), (36), or (37), 
(
q- 	 .eh(T)  ( q^
)c	
(56) 
It is instructive to compare equation (56) with the 
approximation given by equation (37). Equation (37) may 
be written as
ei7k dL+d f,) 
Oil )L 
= If(dL+d1 
.'tr•.v
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and equation (56) may be written as 
ef(dL d)1/2 
=
[ef (dL d)' 
Thus, the power of the exponential Is In one case the 
integral of the ar	
T + dLithmetic mean	 - and in the 
other case the integralof the geometric mean 
(dL dL) 1/2 . Table 1 shows values of the functions 
f(T) +	 (T) 
2	
and h(T) in the case of air (y = 1.4, 
= 2.5, and T 5 	 i/o) and figures 1(a) and 1(b) show 
these functions plotted against T and	 , respec-
tively. Observe that these functions, and consequently 
the velocity correction formulas (37) and (56), differ 
only slightly in the subsonic range Q < M < 1. Fig-
ure 5 exhibits graphically a comparison of the velocity 
correction formulas (37) and (56) for M = 1. The 
limiting value of M (defined by equation (39)) is 
M = 1 in the case of equation (56) as com pared with 
M	 1.15 in the case of equation (37). 
Comparison of Results of Present Paper 
with Prandtl-Giauert Anrroximaticn 
The well-known PrandtlC1a3.3rt approxinrtion is 
based on the assumption of vaniT: ingriy r riLL disturb-
ances to the main stream. Th•j .audtlC-1aueit velocity 
correcion formula ray be exr€sd. as 
( q - q 1 )c 
	
0-	 -,
(57)
	
- q 1	 •	 1/2
yjl	 J 
\ l / 
where q - q1 Is vanishingly small. The left-hand side 
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of this equation is actually the differential coeffi- 
d(q/q1) 
cient	 /	 evaluated at the main stream velocity
d(q/q1)1 
q = q1 for T = T 1 ). An exact form of the Prandtl-
Glauert approximation then is 
L
d(q/q	 1	 (58)jTTl	 - M12 72 
The differential coefficient in equation (58) is now 
evaluated for the various approximations treated in the 
present paper. 
For the arithmeticmean approximation of the 
present paper given by equation (37) (y or p arbi-
trary), 
d(q/ql)1 
d(q/qi). 
L.
2 
1 - (2p + l)T1 
\L
/ 
2(1 +
2P 
-
j) 2 1 + (1 - M12)(1+ j
= 1+.1 2
 +M14 +i6 
a1--_-- llç3 + 4 i +	 8 + 128	 p2 
(1 -
(59)
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For the Chaplygin or the Temple-Yarwood approxi-
mation given by equation (41) ( y = 1.4 or 3 = 2.5), 
1d(q/qi)J	
5 
I	 c  
ti7iJ;i	 -	 15 TT1 
'T T1 
- l_M12 
M 2 
•	 1 - • 
= 1 +	 M.-I.2 + -
	
M 4 + ...	 (CO) 
• For the von Krmn approximation given by equa- 
tion (42) y = -i or p
= (1 
-	 1/2
(i - Ml2) 
For the geometric-mean approximation of the present 
paper given by equation (56) (y or 3 arbitrary), 
_____
	
1/2 Ti 
Ld(1)iiT=Tl - 'i - (2p + i)T 
1
172- • (62) 
(a. -
	 ) 
Equation (62)is independent, of the value of the 
adiabatic index y and includes the von Krmán approxi-
mation. Observe that the geometric-mean approximation 
yields the Prandtl-Glauert result exactly, whereas the 
arithmetic-mean approximation yields the Prandtl-Glauert n
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result insofar as terms inclusive of P.1 16 are concerned. 
The Chaplygin or the Temple-Yarwood a pproximation con-
tains the Prandtl-Glauert result only insofar as the 
term is concerned. 
RESUME AND CONCLUDING- REMARKS 
1. Basic elementary solutions of the hociograph equa-
tions have been employed to provide a basis for comparison, 
in the form of velocity correction formulas, of corre-
sponding compressible and incompressible flows. 
2. The velocity correction formulas obtained by 
Chaplygin, by von Karmn, and by Temple and Yarwood have 
been unified by means of these basic solutions and-shown 
to be essentially equivalent. 
3. In the present paper two types of approximations 
have been introduced by means of the basic elementary 
solutions, namely,
 the U arithmetic_mean fl
 type and the 
t? geometricmean type. These approximations include 
those obtained by Chaplygin, by von Karman, and by Temple 
and Yarwood. 
4. The approximations discussed in the present paper 
have been compared with the well-known results of Prandtl 
and Glauert. For this purpose, it has been emphasized 
that the Prandtl-lauert result is valid for vanishingly 
small disturbances and, in a strict sense, is the slope 
term in a Taylor expansion in a quantity which measures 
the disturbance. It was found that the arithmetic-mean 
type yields the Prandtl-Glauert result to a higher order 
of approximation than the Chaplygin or the Tem le-Yarwood. 
type and that the geometric-mean type contains the 
Prandtl-Glauert result exactly. The two types of approxi-
mations introduced in the present paper then appear to be 
preferable to the others as a basis for extrapolation into 
the range of high stream Mach numbers and large disturb-
ances to the main stream. 
5. The results of the present paper have been ob-
tained without consideration of any particular boundary. 
The actual boundary problem of determining the flow past 
a prescribed body is of a high order of difficulty and 
involves in general all the particular solutions of the 
hodograph equations.
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6. The particular solutions discussed in the present 
paper are well-behaved functions in both the subsonic and 
the supersonic regions. The hodograph equations give no 
reason, in general, to suppose that a discontinuity neces-
sarily occurs in the solution when local sound speed is 
attained. Rather, it appears that the first breakdown of 
the solution is associated with the vanishing of the 
Jacobian of the transformation from the physical to the 
hodograph variables. Indeed, von Karman has made an equi-
valent suggestion in that the appearance of infinite accel-
erations in the flow solution is a condition for flow dis-
continuities. Interesting speculations on this matter are 
suggested by the results of the present paper since the 
"limiting" curves discussed in the present paper are 
defined by a condition that is equivalent to the condition 
for infinite acceleration. The arithmetic-mean type of 
approximation thus yields a limiting value of the local 
Mach number M z 1.15, and the geometric-mean type of 
approximation yields a limiting value of the local Mach 
number N =- I.  The value M = 1 appears to be exact for 
vanishingly small disturbances; that is, local Mach 
number N = stream Mach number 'N 1	 1 (Prandtl-Glauert 
approximation). However, for finite disturbances to the 
main flow due to the presence of a body in the fluid, 
infinite accelerations may occur, for stream Mach numbers 
less than unity, in regions where the local Mach number 
is greater than unity. In this regard, the arithmetic-
mean type of approximation, considered as an extension of 
the Prandtl-Glauert relation to finite disturbances, indi-
cates the possibility of a mixed subsonic and supersonic 
flow without discontinuities. It is important, however, 
to recognize that in general the limiting value of the 
local Mach number N is a function of shape parameters 
and is a result of the blending of many particular solu-
tions of the hodograph flow equations according to the 
boundary conditions. 
Langley Memorial Aeronautical Laboratory, 
• National Advisory Committee for Aeronautics, 
Langley Field, Va. 
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TABLE 2.- VALUES OF (q/qj)0, (ci/qi)j. (q/q1)1
	
P.O. AND 	
NAJIONAL ADVISORY
P. NJ
FOR y • 1.4 AND F0R'TARroVS VALUES OF NJ	 COMMIT1E FOR AERONAUTICS 
8 0.2 0.5
	 1 0.4	 1 0.5 1	 0.55 1	 0.6	 1 0.7	 1 0.8	 1 0.9	 1 1.0 1.1 1.2 
0.00794 0.01768 0.03101 0.04762 0.05705 0.06716 0.08925 0.13848 0.13942 0.16667 0.19485 0.22360 
Ml	 0.2 
(qJq1) 1.00 1.49262 1.97660 2.44948 2.68106 2.90907 3.55349 3.78124 4.19121 4.58255 4.95464 6.30790 
Eq.	 (55) 1.00 1.47471 1.92120 2.33332 2.52518 8.70706 3.04051 5.55565 3.58793 3.80599 5.99122 4.14722 
(q/q1 ) 1 Eq. (36) 1.00 1.47551 1.91444 2.51268 2.49242 2.65746 2.95870 5.14735 3.27695 3.51937 5.27590 3.147,80 
Eq.	 (57) 1.00 1.47401 1.91782 2.32296 2.50875 2.68215 2.98917 3.23912 3.42842 3.55441 3.61594 3.61309 
(q/q1)0 
(q/q1)1 1.00 1.01283 1.03065 1.05446 1.06868 2.06461 1.12188 1.16737 1.22249 1.28926 1.57028 1.46907 
(Eq P 185)) Eq.	 (37) 0 -1.17271 -2.67803 -4.59614 -6.29583 -6.19382 -7.95514 --9.49190 -10.75400 -11.633031-12.07502 -12.05442 
-	 -1.212	 -2.82595 -4.75500 -5.e1593 
:.214	
9.85895	 11.62214 44.00071 46.31387 48.61593 - 
.	
20.57000 
(aJq1 ) 0 0.66087 3.00 1.32425 1.64107 1.79621 1.94898 2.24672 2.53351 2.80797 3.07016 3.31963 5.6883.2 
Eq.	 (35) 0.67810 1.00 1.50277 1.58224 1.71233 1.83567 8.06177 2.25055 8.48299 2.58087 2.70646 2.81225 
Eq. (36) 0.67875 1.00 1.29942 1.56971 1.69112 1.90374 1.99463 2.13626 2.22355 2.25303 2.29552 2.13655' 
Eq. (37) 0.67845 1.00 1.50110 1.87594 1.70200 1.81965 2.02193 2.18769 2.32595 2.41140 2.45117 2.45183 
(q/q1)0 0.98755 1.00 1.01779 1.04131 1.05535 1.07107 1.10789 1.15280 1.20725 1.27519 1.35518 1.45075 
(Eq.118.)) 3q. (3?) 0.53970 0 -0.69286 -1.48565
-1.g[2.62651
.51115 .3.11250 -5.22909 -4.40995 -4.81455 -5.01804 .5.00855 
C9.81 0.55794 0 -0.74111 -1.82984 .2. -3.69238 -4.78921 -5.89302 -6.94746 -7.95968 -8.90571 
NJ	 0.4 
(afqj ) 0 0.50592 0.76614 1.00 1.23924 1.35640 1.47174 ir! 1.9*300 2.12040 8.51840 3.80674 8.63534 
Eq. (55) 0.52051 0.76759 1.00 1.31451 1.31458 1.40905 1.58240 1.75519. 1.66754 1.98105 2.07744 2.15865 
(qjq 1 ) j Sq. (56) 0.52235 0.76967 1.00 1.20801 1.50190 1.38811 1.63503 1.64401 1.71116 1.73387 1.71115 1,64422 
Eq.	 (87) 0.52143 0.76857 1.00 1.21124 1.30813 1.59850 1.63868 1.65887 1.78765 1.85336 1.88542 1.86393 
TV=qli 0.97025 0.98255 1.00 1.02312 1.03690 1.05255 1.01859 1.18264 1.18614 1.26092 1.32954 2.4*540 
(Kq.9t185)) !.i.	 (57) 0.72611 0.40930 0 -0.46710 -0.71120 .0.95589 1.48950 .1.85262 .2.19569 -2.43494 -2.55481 -2.54925 
(Eq.	 (185)) - 0.76645
0.43714 0 -0.52420 -0.81188 .1.11259 -1.74182 -2.58866 -5.05429 .5.66206 .4.25938 -4.61750 
-
NJ	 0.5
	 - 
0.40825 0.60936 0.80695 1.00 1.09454 1.18765 1.31906 1.64070 1.71106 1.97084 2.02281 2.16694 
Eq. (35) 0.42857 0.63202 0.82338 100 1.09222 1.16017 3.30307 1.42871 1.63768 1.63115 1.71051 1.77737 
(q/qj )j Eq.	 (56) 0.43240 0.60706 0.62781 1.00 1.01775 1.14909 1.87069 1.36092 1.41652 2.43531 1.41651 1.56110 
Eq. (57) 0.45049 0.63454 0.82560 1.00 1.01998 1.15462 1.28679 1.39440 1.47588 1.53012 1.86668 1.65539 
0.94834 '0.96032 0.97741 1.00 1.01348 1.02859 1.06393 1.10707 1.15935 1.22267 1.29941 1.59318 
cp Eq hear Eq.	 (57) 0.51468 0.59756 0.51838 0 -0.16636 0.53515 0.65585 .0.94435 -1.17822 -1.54127 -1.42307 -1.41924
Cp I 
(Eq.	 18b)) 0.57171 0.65366 0.55646 0 -0.19554 .0.40000 0.82766 -1.26764 1 '.1.70657 -2.13343 -2.53960 -2.91905 -
0.55 
(q/q1) 0 0.37299 0.56672 0.73725 0.91065 1.00 1.08504 1.25081 1.41036 1.56326 1.70923 1.84810 1.97978 
F4. (36) 0.39601 0.58399 0.76085 0.92404 1.00 .1.07202 1.20408 1.32017 1.42086 3.50722 1.56057 '1.64236 
(q/(I 1 ) 2 F4.	 (36) 0.40122 0.59110 0.76811 0.92788 1.00 1.06621 1.17906 1.26278 1.31434 1.53178 1.31435 1.26294 
Eq.(37) 0.39861 0.88753 0.76446 0.92595 1.00 1.06911 1.19150 1.29114 1.36657 1.41680 1.44153 2.44019. 
(q/ q1)1
Eq.	 (57)
0.90575 0.94756 0.96441 0.95569 1.00 1.01490 1.04970 1.09234 1.14393 1.20640 1.26222 1.37467 
P.O 
(Eq.(18s))  0.84111 0.65481 0.41560 0.14262 0 .0.14300 -0.41967 -0.66704 -0.68751 -1.00702
-1.07743 -1.07416 
0981 
(Eq. (185))  0.91655
0.72685 0.47249 0.16797 0 .0.17497 ..0.54070 .0.91731 -1.29299 -1.65826 
-
-2.00690 
-
-2.53058
...	
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TABLE 2.- Continued COMMITTEE FOR AERONAUTICS
M 0.4 0.6 0.65 0.7 0.75 0.8 0.85 0.9 1.0 1.1 1.2 1.3 
- 0.03101 0.06716 0.07792 0.08925 0.10112 0.11348 0.12626 0.13942 0.16667 0.19485 0.22360 0.25262 
8	 0.8 
(q/q 1 ) 0 0.67947 1.00 1.07707 1.15277 1.22704 1.29961 1.37107 1.44093 1.57527 1.70324 1.82460 1.93939 
Eq.	 (05) 0.70971 1.00 1.06348 1.12318 1.17914 1.23146 1.28018 1.32559 1.40596 1.47438 1.53201 1.58014 
(qJq 1 ) j Eq.	 (36) 0.72041 1.00 1.05612 1.10583 1.14869 1.18435 1.21245 1.23289 1.24908 1.20272 1.18451 1.10691 
Eq. (37) 0.71504 1.00 1.05979 1.11447 1.16382 1.20167 1.24585 1.27841 1.02521 1.34815 1.34708 1.32253 
(/21)c 0.95025 1.00 1.01631 1.03437 1.05432 1.07600 1.10051 1.12713 1.18869 1.26309 1.35449 1.46642 
( Pt)) Eq.	 (57) 0.48812 0 -0.123151-0.24204 -0.35448 -0.45847 -0.55214 -0.63400 -0.75618 .0.81751 -0.81462 -0.74909 
c 
p '
1111 (Eq . (18b)) 0.56492 0 .0.18786 -0.31929 ..0.48310 -0.64774 -0.81208 -0.97599
.1.29407 -1.59762 .1.88099 .2.14161 
-
0.65 
(q/qi)c 0.63084 0.92545 1.00 1.07029 1.13924 1.20881 1.21296 1.33765 1.46255 1.58138 1.69405 1.80060 
Eq. (35) 0.66734 0.94030 1.00 1.0615 1.10818 1.15791 1.20377 1.24630 1.32204 1.58638 1.44057 1.48582 
(q/q 1 ) 5 Eq.	 (06) 0.68212 0.94685 1.00 1.04708 1.06766 1.12142 1.14802 1.16723 1.18211 1.16723 1.12158 1.04808 
Eq.	 (37) 0.67469 0.94358 1.00 1.05159 1.09816 1.13950 1.17555 1.20612 1.25044 1.21209 1.27110 1.24789 ______
0.93501 0.98596 1.00 1.01775 1.03741 1.05904 1.08286 1.10905 1.16963 1.24014 1.33274 1.44292 
(!q?h8a)) Eq.	 (57) 0.54479 0.10969 0 .0.10584 -0.20596 .0.29853 -0.58192 .0.45473 -0.56560 -0.61821 -0.61570 -0.55123 
(Eq	 (185)) 0.64074 0.14002 0 -0.14533 .0.28862 -0.45418 -0.58086 .0.12511 -1.00852 -1.27767 -1.52913 -1.16024 
IliO.7  
(q/q 1 ) 0 0.58942 0.86747 0.90435 1.00 1.06442 1.12756 1.18936 1.24980 1.36660 1.47752 1.58280 1.68255 
Eq.	 (05) 0.65186 0.69032 0.94683 1.00 1.04903 1.09641 1.15978 1.18005 1.25175 1.31268 1.56398 1.40681 
q) Eq.	 (36) 0.65146 0.90429 0.95504 1.00 1.03875 1.07099 1.09640 1.11475 1.12953 1.11475 1.07114 1.00096 
kpe.0
Eq.	 (37) 0.64159 0.89728 0.95094 1.00 1.04429 1.08362 1.11788 1.14695 1.18909 1.20969 1.20874 1.18666 
qiJj 0.91869 0.96678 0.98253 1.00 1.01928 1.04055 1.06394 1.08967 1.14920 1.22140 1.30946 1.41772 
)) Eq.	 (31) 0.58836 0.19489 0.09571 0 -0.090541-0.17423 -0.24966 -0.31549 -0.41394 -0.46336 -0.46105 .0.40616 
(Eq. (185)) - 0.70580 0.25518 0.12904 0 .0.13082 .0.26254 -0.59397 .0.52440 .0.77907 -1.02140 1- 1.24781 - 1.45589 
Ml	 0.15 
(q/qi) 0.55374J-0.81497 0.87718 0.93947 1.00 1.05931 1.11737 1.17416 1.28380 1.38810 1.48701 1.58054 
Eq.	 (35) 0.60167 0.84807 0.90191 0.96253 1.00 1.04436 1.08568 1.12404 1.19235 1.25038 1.29926 1.34006 
(°Jq i)j Eq.	 (36) 0.62715 0.87056 0.91942 0.96268 1.00 1.03105 1.05550 1.07317 1.08740 1.07317 1.03120 0.96362 
Eq.	 (37) 0.61439 0.85924 0.91062 0.95759 1.00 1.03766 1.07047 1.09801 1.13888 1.15840 1.15149 1.13856 
(qfq1) i
 
90128 0.94848 0.96394 0.98108 1.00 1.02084 1.04381 1.06906 1.12745 1.19829 1.28468 1.39088 
Eq.	 (37) 0.62252 0.26171 0.11077 0.08302 0 .0.07678 -0.14591 .0.20628 -0.29659 -0.341891-0.33978 -0.29131 
0.7661 0.35197 0.23700 0.11937 0 -0.12005 -0.23991 -0.35893 -.0.59124 .0.81227 -1.01872 .1.20853 
M10.8  
(q/q 1 ) 0 0.52274 0.16904 0.82864 0.88681 0.94402 1.00 1.05482 1.10842 1.21195 1.31038 1.40375	 1.49204 
Eq.	 (35) 0.57631 0.81205 0.86359 0.91201 0.95753 1.00 1.03956 1.07629 1.14171 1.19725 1.244061 1.28312 
(qJq1 ) j Eq.	 (36) 0.60821 0.84435 0.89172 0.93371 0.96990 1.00 1.02372 1.04085 1.05467 1.04085 1.00014 0.93460 
Eq.	 (37) 0.59209 0.82805 0.87'756 0.92283 0.96370 1.00 1.03162 1.05843 1.09734 1.11633 1.11545 1.09510 _________ (q/q1)0 0.88287 0.92910 0.94425 0.96103 0.97958 1.00 1.02249 1.04723 1.10443 1.17383 125646 1.36247 
(Eq. (185)) 'jgq.	 (07) 0.64943 0.31433 0.22989 0.14838 0.07128 -	 0 -0.06424 -0.12027 -0.20418 .0.24619 .0.24423 -0.19984 
Cp,M1 
(Eq.	 (lBb)) 0.81520 0.43547 0.32940 0.22083
0.11074 0 -0.11065 .0.22036 .0.43464 -0.63857 -0.82904 -1.00411
0 
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-	 NAIIIJNAL ADVISORY TABLE 2.- Concluded	
CUMMIIIEL FOR ARONAU1ICS 
U 0.4 0.6 0.825 0.86 0.875 1 0.9	 1 0.925 1 0.96	 1 1.0 1.1 1.2 1.3 
Ir 0.03101 0.06716 0.11982 0.12626 0.13279 0.13942 0.14612 0.15563 0.16667 0.19485 0.22360 0.25262 
MI =0.825 
(q/ql)e 0.50872 0.74871 1.00 1.02655 1.05276 1.07870 1.10434 1.13972 1.17942 1.27524 1.38610 1.45205 
Eq.	 (35) 0.56494 0.79602 1.00 1.01905 1.03738 1.05506 1.01205 1.09476 1.11917 1.17363 1.21950 1.25781 
(q/q 1 ) 1 Eq. (36) 0.60068 0.83380 1.00 1.01095 1.02021 1.02785 1.03380 1.03929 1.04147 1.02784 0.98764 0.92292 
Eq.	 (37) 0.58253 0.81469 1.00 1.01497 1.02874 1.04136 1.05273 1.06665 1.07962 1.09833 1.09746 1.07744 
(q/ql)c 
Tq[q1)  
Eq. (37)
0.87329 0.91901 1.00 1.01139 1.02335 1.03586 1.04902 1.06850 1.09 244 1.16107 1.24478 1.34767 
(qh8.) 0.66068 0.33628 0 -0.03016 -0.058311-0.08443 1 -0.10824 1 -0.13774 -0.16558 -0.206331-0.204421-0.16088 
0.85950 0.47330 0 -0.06329 -0.10631 -0.15910 -0.21149 -0.28409 -0.36571 -0.56234 -0.74599 -0.91461 
Mi0.85  
(ajq1 ) 0 0.49558 0.72936 0.97416 1.00 1.02555 1.05082 1.11026 1.14894 1.24228 1.33080 1.41451 
Eq.	 (55) 0.55438 0.78114 0.98132 1.00 1.01799 1.03532 1.01430 1.09826 1.15171 1.19672 1.23452 
(v'q i)i Eq.	 (36) 0.59418 0.82478 0.98920 - 1.00 1.00917 1.01673  r1.02264 1.02805 1.03023 1.01673 0.97697 0.91295 
Eq.	 (37) 0.57394 0.80267 0.98526 1.00 1.01357 1.02599 1.05091 1.06371 1.08212 1.08128 1.06155 
(q/q1)0
(q/q1)j
Eq.	 (37)
0.86347 0.90887 0.98813 1.00 1.01182 1.02420 1.05647 1.08013 1.14801 1.23076 1.33249 
0p,0 
(Eq.	 (18.)) 0.67059 0.35572 0.02926 0 -0.02732 -0.05266 -0.07580 -0.10441
-0.13148 -0.17098 -0.18917 -0.12689 
(Si.	 (lBb)) 0.86288 0.50895 0.05147 0
-0.05129 -0.10226 -0.16294 -0.22505 -0.30199 -0.49202 -0.66952 -0.83274 
M10.875 
0.48322 0.71118 0.94988 0.91508 1.00 1.02463 1.04898 1.08259 1.12031 1.21135 1.29763 1.37926 
Eq. (35) 0.54458 0.76734 0.96396 0.98232 1.00 1.01703 1.03340 1.05530 1.07885 1.13134 1.17555 1.21248 
(qJq 1 ) 1 Eq.	 (36) 0.56877 0.81727 0.98020 0.99091 1.00 1.00748 1.01333 1.01670 1.02085 1.00149 0.96807 0.90464 
Eq.	 (37) 0.56626 0.79192 0.97207 0.98661 1.00 1.01225 1.02531 1.03684 1.04947 1.06764 1.06678 1.04733 
( qIq 1 ) c  
(q7q1)j
Eq.	 (37)
0.85535 0.89805 
-
0.91717 0.98831 1.00 1.01223 1.02509 1 1.04412 1.06750 1.13459 1.21640 1.31693 
C,O 
(Eq.	 (18.)) 0.67935 0.37288 0.05508 0.02660 0
-0.02465 
_______
.0.04716 
_______
-0.07504 
_______  
-0.101391-0.139861-0.13802 -0.09690 
CpM1 
(Eq.	 (185)) 0.88564 0.5427'? 0.09960
0.04911 0 -0.04943 -0.09846 1-0.166542-1-0. 242861-0.427011-0.59898 -0.75712 
2i0.9 
(q/q1 ) 0 0.47160 0.69409 0.92705 0.95164 0.97595 1.00 1.02376 1.05657 1.09338 1.18220 1.26644 1.34609. 
Eq.	 (35) 0.53546 0.75449 0.94783 0.96561 0.98325 1.00 1.01610 1.03784 1.06079 1.11240 1.15588 1.19218 
(q/q1)j Eq.	 (36) 0.58439 0.81121 0.97291 0.98355 0.99257 1.00 1.00579 1.01113 1.01327 1 1.00000 0.96089 0.89792 
Eq.	 (37) 0.55939 0.78233 0.96029 0.97466 0.98788 •	 1.00 1.01091 1.02429 1.03676 1.05470 1.05587 1.03463 
(q/qi)0 
(q/q1)j
Eq.	 (57)
0.84506 0.88721 0.96559 0.97638 0.98792 1.00 1.01271 1.03151 1.05461 1.12089 1.20170 1.30104 
Cp0 
(Eq.(18.))  0.68708 0.38796 0.07184 0.05004
0.02409 0 -0.02194 -0.04917 -0.07487 -0.11239 -0.11064 -0.07046 
Cp,M1 0.90781 0.57490 0.14460 0.09617 0.04799 0 -0.04762 -0.11365 -0.18788 -0.36660 -0.53362 -0.68711 
Ml = 0.925 
(q/q 1 ) 6 0.46066 0.67798 0.90552 0.92955 0.95331 0.97678 1.00 1.03205 1.06800 1.15476 1.23704 1.514 
Eq.	 (35) 0.52697 0.74253 0.93279 0.9505? 0.96768 0.98415 1.00 1.02119 1.04307 1.09476 1.13756 1.17329 
(q/q j ) j Eq.	 (36) 0.58105 0.80654 0.96729 0.97787 0.98686 0.99423 1.00 1.00532 1.00743 0.99424 0.95534 0.89276 
Eq.(37) 0.55335 0.77387 0.94991 0.96413 0.97721 0.98919 1.00 1.01323 1.02556 1.04332 1.04249 1.02347 - 
(q7j)c
Eq.	 (37)
0.85249 0.87609 0.95327 0.96415 0.97554 0.98745 1.00 1.01857 1.04138 1.10681 1.18662 1.28471 
P.O 
18a))  0.69380 0.40113 0.09767 0.07045 0104506
0.02150 0 -0.02664 .0.05177 -0.08852 -0.08679 -0.04749 
Cp,M1 
(Eq.	 (185))
0.92963 0.60574 0.18708 0.13991 0.09301 0.04633 0 -0.06425 -0.13642 
_______ 
-0.31038 -0.47285 -0.62222
...	
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TABLE 3- VALUES OF F(r) FOR SEVERAL VALUES OF y 
-	 (T) = 1 - (2p + 1)T	 1 - i-i2 
L:	
- T)21	 (1 + 2j 
F 
Y	 1	 •y=2 
M	 (.= 2.5)	 (Pp-o)	 (3 = 1)	 (p- 	 o) 
Adiabatic	 Isothermal	 Hydraulic	 Limiting 
analogy	 incompressible 
(1)	 (2) 
0	 1.00	 1.00	 1.00	 1.00 
.2	 .99901	 .99918	 .99879	 .9600 
.4	 .98328	 .98575	 .97977	 .8400 
.6	 .90606	 .91733	 .89113	 .6400 
.65	 .86634	 .88113	 .84726	 .5775 
.70	 .81394	 .83248	 .79050	 .5100. 
.75	 .74558	 .76783	 .71822	 .4375 
.80	 .65738	 .68273	 .62728	 .3600 
.85	 .54489	 .57153	 .51421	 .2775 
.90	 .40258	 .42710	 .37504	 .1900 
.95	 .22355	 .24041	 .20534	 .0975 
1.00	 0	 0	 0	 0 
1.05	 -.27752	 -.30870	 -.24667	 -.1025 
1.10	 -.62069	 -.70423	 -.54102	 -.2100 
1.20	 -1.55960	 -1.85711	 -1.30158	 -.4400 
1.30	 -2,95915	 -3.73944	 -2.34862	 -.6900 
1.50	 -8.01227	 -11.8597	 -5.64466	 -1.2500 
2.00 .	 -56.6884	 -163.79	 -26.9981	 -3.0000
1	 1, F = (1 - i2)eM2 
2	 F=
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